A geometrical formalism for nonlinear nonholonomic Lagrangian systems is developed. The solution of the constrained problem is discussed by using almost product structures along the constraint submanifold. Constrained systems with ideal constraints are also considered, and Chetaev conditions are given in geometrical terms. A Noether theorem is also proved.
INTRODUCTION
The theory of nonholonomic mechanical systems dates back to the last century. The constraint functions are functions on the position and velocities which constrain the motion to some submanifold of the phase space. Hertz (1894) gave a classification of constraints into holonomic (or integrable) and nonholonomic (or nonintegrable) constraints. If we are only in the presence of holonomic constraints, we reduce the configuration space to a submanifold on which the mechanical system is free. But if the constraints are purely nonholonomic, then not all the velocities are allowable, although all the positions are permitted.
The classification of constraints is very clear if we use a geometrical setting. The configuration space for a free system is a manifold Q (the configuration manifold) and the phase space of velocities is its tangent bundle and Martin de Diego (1996b,e) we studied a geometrical setting for this kind of linear nonholonomic constraint. We only treated time-independent or scleronomic constraints, but in de L6on et al. (1996) we also studied the case of time-dependent or rheonomic constraints by using the geometrical setting of jet manifolds.
The purpose of this paper is to extend our results to the case of nonlinear constraints. In order to obtain the dynamics, it is necessary to assume some hypotheses on the constraints. This condition is the so-called admissibility of TM. Note that TM is a distribution on TQ along M, so we have extended the notion of admissibility introduced by Vershik and Faddeev (1972) (Definition 2.1). With this assumption, and if the system is regular (Definition 3.1), we obtain an almost product structure on TQ along M [that is, a pair of complementary projectors (~, ~)] such that the projection 9~(~L) of the Euler-Lagrange vector field ~L which gives the dynamics of the free Lagrangian L is just the solution of the constrained motion equations. It should be noted that if L is of natural type, i.e., L = T -V, where T is a kinetic energy coming from a Riemannian metric on Q, and V is a potential energy (a function on Q), the system is always regular.
If the constraints are ideal, i.e., the work of the forces of reaction of each constraint is equal to zero, the admissibility condition is nothing but the geometrical translation of the so-called Chetaev conditions. In this particular case, we construct a distribution H on TQ along M which is symplectic in (TTQ, roD, where o~L is the symplectic PoincarE-Cartan two-form obtained from L. Thus, if we restrict toL and dEt~ to H, where EL is the energy function associated with L, the motion equation takes the usual form for a free Hamiltonian system at each fiber of H. This procedure extends that by Bates and Sniatycki (1992; Bates et al., 1996) for the linear case. We define a new almost product structure on TQ along M associated with the decomposition (TTQ)IM = H ~3 H', which gives, in fact, the dynamics by projecting ~L-We also prove a Noether theorem which generalizes one proved by Cushman et al. (1995) for linear constraints (see also de la Torre Ju~rez, 1996) . Finally, we study some examples.
GEOMETRICAL THEORY OF CONSTRAINTS
Let Q be an n-dimensional manifold with tangent bundle TQ. The canonical projection will be denoted by "rQ: TQ ---) Q. Take bundle coordinates
